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Specialized services that complement the STI Program Office's diverse offerings include creating custom thesauri, building customized data bases, organizing and publishing research results . . . even providing videos. q at E (1903a, 1903b, 1905) , and the Hartley & Lorenzo (1998) . These functions provided direct solution and important understanding for the fundamental linear fractional order differential equation and for the related initial value problem . This paper examines related functions and their Laplace transforms. Presented for consideration are two generalized functions, the R -function and the G -function, useful in analysis and as a basis for computation in the fractional calculus. The R -function is unique in that it contains all of the derivatives and integrals of the F-function. The R -function also returns itself on qth order differ-integration. An example application of the R -function is provided. A further generalization of the R -function, called the G -function brings in the effects of repeated and partially repeated fractional poles.
Functions for the Fractional Calculus
This section summarizes a number of functions that have been found useful in the solution of problems of the fractional calculus and more particularly in the solution of fractional differential equations.
Mittag-Leffler Function
The function is given by the following equation
This function will often appear with the argument − at q , its Laplace transform then, is given as
The Mittag-Leffler function is generalized by Agarwal (1953) as follows
This function is particularly interesting to the fractional order system theory due to its Laplace transform, given by Agarwal as
This function is the ( ) α β − order fractional derivative of the F-function, (of Robotnov (1969) and Hartley (1998) ), with argument a = 1, to be presented later.
Erdelyi's Function Erdelyi (1954) has studied the following related generalization of the Mittag-Leffler function As this function cannot be easily generalized it will not be considered further.
Robotnov and Hartley's Function
To effect the direct solution of the fundamental linear fractional order differential equation the following function was introduced [ ]
This function had been studied earlier by Robotnov (1969 Robotnov ( , 1980 with respect to hereditary integrals for application to solid mechanics. The important feature of this function is the power and simplicity of its Laplace transform, namely Miller and Ross' Function Miller and Ross (1993, pp.80 and 309-351) 
which is a special case of the F-function of Robotnov and Hartley.
The above functions are studied in considerable detail by their originators and others. The interested reader is directed to the supplied references.
A Generalized Function
It is of significant usefulness to develop a generalized function which when fractionally differintegrated (by any order) returns itself. Such a function would greatly ease the analysis of fractional order differential equations. To this end the following is proposed, consider the function 
Now from (Erdelyi et al, 1954) { } ( ) ( ) ( ) ( ) 
Now for c ≠ 0 the shifting theorem for the Laplace transform (Wylie p. 281 
where the unit step function ( )
< , this theorem and the result (equation 19) are applied to yield Table 1 , in a later section, presents a summary of the defining series and respective Laplace transforms for the functions discussed in this paper.
Properties of the R q,v (a,c,t) Function
The general time domain character of the R -function is shown in figures 1, 2, and 3. 
Eigen-property
The R -function also has the eigenfunction character under qth order differintegration with . 0 = v This is seen as follows. Consider ( ) 
Applying this equation we have 
The right most term in equation (26) 
Thus, for 1 = a the function is seen to return itself under qth order differentiation.
Differintegration of the R-Function
It is of interest to determine the differintegral of the R -function, that is 
which is applied to equation (28) gives the final result as; 
In similar manner using the cosine function, equation (44) ( ) 
The hyperbolic functions may also be used as a basis, using sinh function, yields 
Very many more such identities are possible, indeed because of the generality of the R -function, powerful meta-identities may be possible.
Relationship of the R-Function to Other Functions
The generality of the R -function allows it to be related to many other functions. In this section it will be related to the important functions discussed in the introductory section of the paper. The Laplace transform facilitates determination of the desired relationships. The double arrow will be used to indicate the transform pairs, thus for the R -function; 
Robotnov and Hartley Function
The F-function and its transform relate to the R -function as follows;
The time series common to these functions is given as; The time series common to these functions is given as;
Example -The Dynamic Thermocouple
This problem was introduced originally in Lorenzo and Hartley 1998, and frequency domain solutions are presented there. Here, it is desired to determine the time domain dynamic response of the thermocouple, figure 4, which is designed to achieve rapid response. The thermocouple consists of two dissimilar metals with a common junction point. To achieve a high level of dynamic response, the mass of the junction and the diameter of the wire are minimized. Because the wires are long and insulated they will be treated as semi-infinite (heat) conductors. This analysis will determine the time response of the junction temperature ( ) 
where h A is the product of the convection heat transfer coefficient and the surface area and wc v is the product of the junction mass and the specific heat of the material. Taking the Laplace transform of these equations yields 
x n x n n where ( ) 1− x n is the Pochhammer polynomial. From this result with x r = − 1 , we can write In similar manner relationships of increasing generality may be determined. Podlubny (1999) presents a form that is a special case of the G -function where r is constrained to be an integer. It is also clear that taking r = 1specializes the G -function into the R -function. It is the authors' judgment that the F-and R -functions will prove to be the most useful in practical applications. Table 1 summarizes the advanced functions studied in this paper along with their defining series and Laplace Transforms.
Summary
This paper has presented a new function for use in the fractional calculus, it is called the R -function. The R -function is unique in that it contains all of the derivatives and integrals of the F-function. The R -function has the eigen-property, that is it returns itself on qth order differintegration. Special cases of the R -function also include the exponential function, the sine, cosine, hyperbolic sine and hyperbolic cosine functions. A R -function based trigonometry is also possible. It is a generalization of the conventional trigonometry, and will be the subject of a future paper. 
